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Recently a time-asymmetric mode switching based on dynamical encircling of an exceptional
point (EP) has been first demonstrated in microwave experiments [Nature, 537, 76, 2016]. Here we
introduce another qualitatively different phenomenon that may serve to indentify the fingerprints
of EP in atomic, molecular, and optical (AMO) physics. Namely, we predict a topological-like
phenomenon manifested as an abrupt change of monotonous to oscillatory behavior of the survival
probability of the initially populated bound state with fundamental pulse parameters. This effect
is suitable for an experimental confirmation, since bound state populations are measurable to high
precision by standard techniques. Here we demonstrate our finding for helium atoms that interact
with linearly chirped laser pulses.
Exceptional points (EPs) in the spectrum of non-
hermitian Hamiltonian [1] are branch points where
the eigenvalues of non-hermitian Hamiltonian be-
come degenerated [2]. The non-hermitian degen-
eracy is very different from the degeneracy of her-
mitian Hamiltonians since the two corresponding
eigenvectors coalesce and a self-orthogonal state
is obtained [3]. This unusual phenomenon might
seem to be a non-physical object that determines
the radius of convergence of perturbation series ex-
pansion of the hermitian or non-hermitian Hamito-
nian (see for example Ref. [3]). However, it turns
out to be the explanation for the breakdown of
the real spectrum phenomena of PT non-hermitian
Hamiltonian (see Ref. [4]) in two coupled gain and
loss waveguides [5]. In this context see the novel
effects of EPs in the recent demonstrations of uni-
directional invisibility, on the loss-induced suppres-
sion [6, 7], and revival of lasing [8–10], and on
single-mode lasers with gain and loss [6, 11] or di-
rectional output [12]. When time was considered
as a parameter it was shown that a slow encir-
cling of an EP would result in an adiabatic evo-
lution of states and a corresponding symmetrical
switching mode [13–15]. However more recently
it was shown that when time is considered as a
dynamical variable (as for example when chirped
laser pulses are used) that the same non-hermitian
components necessary for the observation of an EP
actually prevent an application of the adiabatic
theorem [16–23]. Instead, non-adiabatic transi-
tions lead to a chiral behaviour, in the sense that
encircling an EP in a clockwise (positive chirped
laser pulses) or a counter-clockwise direction (neg-
ative chirped laser pulses) results in different final
states [16, 20, 23]. Only most recently experimen-
tal realizations of the time-asymmetric switch phe-
nomena were reported [24, 25].
Here we refer about another phenomenon that
is uniquely associated with encircling EP. Contrary
to the time-asymmetric mode switching, this effect
occurs only for contours that satisfy specific con-
ditions. While we will indicate a general require-
ment for the effect to occur as part of its theoretical
explanation below, we introduce it for the special
case of atomic helium where two states are coupled
with the real-valued dipole coupling element. Here
the suitable set of contours may be defined as the
linearly chirped Gaussian shaped pulses with the
mean frequency set in resonance between the two
states.
The effect is based on observing the behav-
ior of the final amplitude of the bound state,
which has been populated before interaction. It
is known that if two bound states are coupled
by a chirped pulse, the behavior of the final am-
plitude is monotonous exponential supposed that
the chirp is large enough, as in the rapid adia-
batic passage [26, 27], however it turns to oscil-
latory as the chirp gets small [28], or zero, as in
the π-pulse method [26]. Here we find that the
same phenomenon takes place when the bound
state is coupled to the resonance, supposed that
the pulse peak strength εmax0 is much larger then
the intensity associated with the EP εEP0 , which
we can see in the two upper panels of Fig. 1 when
εmax0 /ε
EP
0 > 8, where |α| determines the mag-
nitude of the chirp. However, as the magnitude
of εmax0 approaches ε
EP
0 , the nodal structure is
twisted and flipped from the chirp axis |α| to the
εmax0 -axis. The oscillatory structure, which ap-
pears on the εmax0 -axis starting from ε
EP
0 when
the temporal pulse area (φ = µ
∫∞
−∞ dtε0(t)) is
held fixed, represents unique fingerprints of the EP.
2Points A and B, which lie on the separatrix at near
EP intensities, are represented by critical contours
encircling EP (lower panels in Fig. 1), where the
behavior of the amplitude abruptly changes from
monotonous to oscillatory. This phenomenon re-
minds of topological phenomena in mathematics
up to the finite shift from the EP at non-zero
chirps, hence the studied effect is refered here as a
topological-like phenomenon.
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FIG. 1. Abrupt change between the oscillatory
and monotonous behavior of the survival probability
of the initial bound state pbound when the pulse pa-
rameters of peak strength (εmax0 ) and chirp (|α|) cross
a critical value defined by the separatrix (line includ-
ing the points A and B). The number of oscilla-
tions depends on the temporal pulse area defined as
φ = εmax0 τReµ
√
2π. Each point [εmax0 /ε
EP
0 , α] repre-
sents a unique contour in the frequency-strength plane,
as illustrated in the lower panels. The thick contours
(red online) correspond to the points A and B which
lie on the separatrix in the upper panels.
As an illustration (Fig. 1) we have chosen a tran-
sition between helium excited states with an al-
most real transition dipole,
He∗ 1P o(1s2p)→ He∗∗ 21Se(b)(2p2), (1)
where E1s2p = −2.123823 a.u., E2p2 =
−0.621581 a.u., the resonance width Γ =
0.000215i a.u., and the transition dipole µ =
−0.192572 + 0.000347i a.u.. If these states are
coupled by the cw laser one finds an EP for the
laser frequency and strength given by ωEP =
ωr−(Γ/2~)Imµ/Reµ, εEP0 = Γ/2|Reµ|, where ωr is
the resonance frequency given by ωr = (ReE2p2 −
E1s2p)/~ (see Ref. [22]). In our studied problem,
the states are coupled by the Gaussian linearly
chirped pulse
ε0(t) = ε
max
0 e
−(t/τ)2/2,
ω(t) = ωr +
αt
2τ
· ε
max
0 Reµ
~
, (2)
which defines the contour in the [ω, ε0]-plane. α
defines the chirp and scales the contour width as
illustrated in the lower panels of Fig. 1 showing
narrow (α = 0.01) and broad (α = 2) contours.
In the following we provide a theoretical ratio-
nalization of the switch between the oscillatory
and monotonous behavior of the bound state sur-
vival probability. Let us start from the interaction
Hamiltonian for the two-state problem in the ro-
tating wave approximation which is widely used in
AMO [29]
H(t) = ~
[
0 12Ω(t)
1
2Ω(t) ∆(t)
]
, (3)
where t is the adiabatic time; ∆(t) = ω(t) −
ωr + iΓ/2~ is the dynamical frequency detuning;
and Ω(t) = µε0(t)/~ is the time-dependent Rabi
frequency. Diagonalization of Hamiltonian H(t)
(3) allows us to define the instantaneous adia-
batic states Φ±(t) as superpositions of the field-
free states associated with the adiabatic energies
ǫ± given by
ǫ±(t) =
~
2
[
∆(t)±
√
∆2(t) + Ω2(t)
]
. (4)
In the case of adiabatic following, the two field-free
states exchange as the adiabatic time t changes
from −∞ to ∞ [13]. Now the exact time-
dependent wavefunction is expressed in terms of
the adiabatic basis set Φ±(t),
ψ(t) = e
− i
~
t∫
−∞
dt′ǫ−(t
′)
a−(t)Φ−(t)
+e
− i
~
t∫
−∞
dt′ǫ+(t
′)
a+(t)Φ+(t), (5)
and substituted into the time-dependent
Schro¨dinger equation, from where we get the
3close-coupled equations:
a˙+(t) = a−(t)N(t)e
− i
~
t∫
−∞
dt′[ǫ−(t
′)−ǫ+(t′)]
a˙−(t) = a+(t)N(t)e
i
~
t∫
−∞
dt′[ǫ−(t
′)−ǫ+(t′)]
, (6)
where a± are non-adiabatic amplitudes of the adi-
abatic states Φ± and N is the non-adiabatic cou-
pling defined as 〈Φ+|Φ˙−〉. Let us assume that
ψbound is initially occupied, therefore a−(0) = 1
and a+(0) = 0. We apply the first-order perturba-
tion theory to calculate the amplitude of the cou-
pled adiabatic state Φ+ after the pulse has com-
pleted,
a+ = −
∞∫
−∞
dtN(t)e
i
~
t∫
−∞
dt′[ǫ−(t
′)−ǫ+(t′)]
. (7)
|a+|2 provides an approximation to the final pop-
ulation of the diabatic state ψbound which was
initially populated, i.e. the survival probability,
pbound ploted in Fig. 1.
The expression for the non-adiabatic coupling
N(t)
N(t) =
1
4i
d(Ω/∆)
dt
(
1
i+Ω/∆
+
1
i− Ω/∆
)
(8)
implies that the integrand in (7) includes poles in
the complex plane of t where Ω(tk) = ±i∆(tk),
tk ∈ C therefore the integral over the real axis
(7) can be solved via complex contour integration.
The poles are likewise EPs because the eigenvec-
tors are self-orthogonal for ǫ+(tk) = ǫ−(tk) as one
can prove by the substitution to Eqs. 3 and 4. The
appearance of these EPs (further refered to as “dy-
namical” to distinguish from the EP in the in the
[ω,ε0]-plane) in the adiabatic energy split is illus-
trated in Fig. 2.
The integrand of Eq. 8 is not a continuous func-
tion of t ∈ C due to the fact that the dynamical
EPs are associated with branch cuts. The final ex-
pression for the integral (7) is therefore given by a
sum of contributions associated with the poles and
the branch cuts emanating from them,
a+ = −
∑
k
e−φ·σk/
√
2π ak, (9)
σk =
1
τµεmax0
tk∫
−∞
dt
√
∆2(t) + Ω2(t). (10)
Here the exponential term representing the
residuum of the pole governs the amplitude of the
additive contributions; σk and ak are independent
on the pulse area φ; ak includes the contribution of
encircling the pole and the additional branch cut
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FIG. 2. If the pulse contour [ω(t), ε0(t)] is taken
into complex adiabatic time t, many “dynamical” EPs
where ǫ+(t) = ǫ−(t) appear in the adiabatic solutions.
The sharp transition between oscillatory to monoto-
neous behavior (of population of the initial bound state
when the laser pulse is over) is associated with the co-
alescence of the dynamical EPs found close to the real
axis. Panels (a) and (b) showing the situation near the
coalescence correspond to two points on different sides
from the point B in Fig. 1 near the separatrix.
contribution. The sum Eq. 10 is drastically sim-
plified at the limit of the large pulse areas φ→∞,
where only the leading term contributes. Since
Reσk generally increases with the distance of the
dynamical EP from the real adiabatic time axis
Ret/τ (Fig. 2), the only contribution comes from
the nearest dynamical EP to the real axis.
Supposed that Eq. 9 boiled down to one leading
term, we would get a monotonous exponentially
decaying behavior of a+. The reason why oscil-
lations occur for the probability |a+|2 in our case
(Fig. 1) is that there are two equally contributing
leading terms to the sum (9). This is what we
see in Fig. 2a, where the residua of the two op-
posite EPs t−1 = −t∗1 are related by σ−1 = σ∗1
and a−1 = a∗1 due to symmetry reasons, and the
contributions of the poles add up to the oscilla-
tory term cos(φImσ1/
√
2π+arg a1). The two EPs
which represent the equally contributing terms are
redistributed in the complex plane of t as the laser
parameters are varied. They may occur in two
qualitatively different mutual positions: (a) they
are symmetrically distributed in the opposite sides
4from the imaginary axis as in Fig. 2a, or the both
lie on the imaginary axis as in Fig. 2b. The tran-
sition between these two situations is marked by
their coalescence on the imaginary axis of time.
For dynamical EPs which occur in the imaginary
axis of t, the residuum is real-valued σk ∈ ℜ,
therefore the oscillatory behavior is ceased. This
implies that the coalescence indicates the qualita-
tive change of behavior of the amplitude |a+|2 be-
tween monotonous and oscillatory. The separatrix
between the monotonous and oscillatory behavior
shown in the upper pannels of Fig. 1 has been ob-
tained by finding the pulse parameters where the
coalescence occurs, which is quite straighforward:
Using the fact that the dynamical EPs coalesce on
the imaginary axis of time, we search for the situ-
ation where the adiabatic energy split (square) in
imaginary time, ∆2(is) + Ω2(is), s ∈ ℜ, cf. Eq. 4,
has one real root which also represents the local
minimum (∆(is)∆′(is) + Ω(is)Ω′(is) = 0). It fol-
lows from here that if chirp is zero (see point A in
Fig. 1), the coalescence takes place at s = 0, which
is of course on the real axis of time t, and this is
why the critical contour is exactly the one crossing
the exceptional point (lower left panel in Fig. 1).
For non-zero chirp (e.g. point B in Fig. 1), the
coalescence occurs in the complex plane of time
t. This implies that the critical contour does not
coincide with the crossing of the EP (lower right
panel in Fig. 1).
In summary, the condition which has to be
fulfilled to obtain the oscillatory behavior and
hence the topological-like phenomenon is given by
the time-symmetry of the adiabatic energy split
(ǫ−(t) − ǫ+(t) = ǫ−(−t∗) − ǫ+(−t∗)) for a specif-
ically defined set of contours, where for a subset
of these contours we obtain only complex conju-
gate pairs of dynamical EPs. This problem can
be used to obtain unique fingerprints of encircling
the EP if the final populations of the initial bound
state are measured when the temporal pulse area
is held fixed and the chirp and peak intensity are
varied. The occurrence of oscillations, which is
normally (for bound to bound transitions) asso-
ciated with the magnitude of the chirp, becomes
dependent rather on the peak intensity as the lat-
ter approaches the EP. Crossing the EP intensity
when the chirp is small causes an abrupt change
of behavior between oscillatory and monotonous,
therefore the effect here reminds of a topological
phenomenon.
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